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Abstract. We complete the classification of compact connected contact toric manifolds ini- 
tiated by Banyaga and Molino and by Galicki and Boyer. As an application we prove the 
conjectures of Toth and Zelditch on toric integrable systems on the n-torus and the 2-sphere. 
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1. Introduction 

The main goal of this paper is to complete the classification of compact co-oriented contact 
manifolds with completely integrable contact torus actions, that is, of compact contact toric 



manifolds. See Theorem 2.18 below for a precise description of our classification. The study 
of completely integrable systems on contact manifolds was initiated by Banyaga and Molino 
|BnMl, [BnM2 , [Bn| ] who, in particular, gave a partial classification of contact toric manifolds. 
Boyer and Galicki gave a description of contact toric manifolds satisfying the assumption that 
the image of the moment map lands in an open half-space [BG]. 

Our motivation for studying contact toric manifolds comes from the recent work of Toth and 
Zelditch |TZ] who introduced the notion of a toric integrable geodesic flow. For every toric 
integrable geodesic flow on a manifold M the co-sphere bundle S(T*M) has the structure of a 
contact toric manifold. Thus a classification of contact toric manifolds is useful for understand- 



ing of toric integrable geodesic flows. For example in [LS] it was shown that if a geodesic flow 
on the standard torus T n = R n /Z n is toric integrable then the corresponding metric must be 
flat thereby proving a conjecture in |TZ|. The argument in [LS] uses a topological classification 
of contact toric manifolds with a non-free torus action. 

Alternatively, since there is a one-to-one correspondence between symplectic cones and con- 
tact manifolds, our classification is a classification of symplectic toric manifolds that are sym- 
plectic cones over a compact base. Compact symplectic toric manifolds are well understood 



Date: February 1, 2008. 

Partially supported by NSF grant DMS - 980305, the American Institute of Mathematics and R. Kantorovitz. 

1 



2 EUGENE LERMAN 

thanks to the work of Delzant Q. All of such manifolds turn out to be smooth projective 
toric varieties. In general compact toric manifolds have been studied extensively from many 
different points of view. It seems to us that the class of non-compact symplectic toric manifolds 
we are describing should have interesting applications beyond integrable geodesic flows. 

A classification of contact toric manifolds up to equivariant contactomorphisms allows us in 
this paper to positively answer two questions posed in 



Theorem 1.1. Up to appropriate isomorphisms the only toric integrable action of the n-torus 
on the co-sphere bundle of the n-torus is the standard action, that is, the lift of multiplication 
on the left to the co-sphere bundle. 

Theorem 1.2. Up to appropriate isomorphisms the only toric integrable action of the 2-torus 
on the co-sphere bundle of the 2-sphere is the standard action, that is the action generated by 
the geodesic flow of the round metric and by the rotations about a fixed axis. 

We strongly suspect that there are preciously few manifolds that admit toric integrable 
geodesic flows. In fact the only examples we know are tori and the low-dimensional spheres, 
and it would be surprising if there are others. 

Note that it is an entirely different problem to classify all toric integrable metrics on a given 
manifold. As was mentioned earlier for any toric integrable metric on a torus has to be flat and 
conversely any flat metric is toric integrable. But even for the 2-sphere the question is open. 

A note on notation. If U is a subspace of a vector space V we denote its annihilator in the 
dual vector space V* by U° . Thus U° = {£ € V* \ £\u = 0}. 

Throughout the paper the Lie algebra of a Lie group denoted by a capital Roman letter is 
denoted by the same small letter in the fraktur font: thus q denotes the Lie algebra of a Lie 
group G etc. The vector space dual to q is denoted by q*. The identity element of a Lie group 
is denoted by 1. The natural pairing between q and q* is denoted by (•,•). 

When a Lie group G acts on a manifold M we denote the action by an element g £ G on 
a point x £ M by g ■ x; G ■ x denotes the G-orbit of x and so on. The vector field induced 
on M by an element X of the Lie algebra q of G is denoted by Xm and the diffeomorphism 
induced by g £ G on M by g^. Thus in this notation g ■ x = guix). The isotropy group of a 
point x £ M is denoted by G x \ the Lie algebra of G x is denoted by g x and is referred to as the 
isotropy Lie algebra of x. Recall that q x = {X £ q \ Xm(x) = 0}. 

If a Lie group G is a torus we denote the integral lattice of G by 1*g an d the dual weight 
lattice by TJq. Recall that "Lq = ker(exp : q — » G), "L* G = Hom^ZcZ). 

If A is a vector field and r is a tensor, then Lxt denotes the Lie derivative of r with respect 
to A. 

If P is a principal G-bundle then \p, m] denotes the point in the associated bundle PxqM = 
(P x M)/G which is the orbit of (p, m) £ P x M. 

The symbol a always denotes a contact form and £ always denotes a co-oriented contact 
structure. 

Acknowledgments. This work was written during a visit of the American Institute of Math- 
ematics and of the University of California at Berkeley. The author is grateful to the University 
of California at Berkeley for providing access to its computing facilities. 

2. Group actions on contact manifolds 

In this section we recall the notion of a co-oriented contact structure and of a contact form, 
and discuss the definition of a moment map for group actions on contact manifolds. 

Definition 2.1. Recall that a 1-form a on a manifold M is contact if a x ^ for any x £ M, 
so £ = kera is a codimension-1 distribution, and if additionally da\^ is non-degenerate. Thus 
the vector bundle £ — » M necessarily has even-dimensional fibers, and the manifold M is 
necessarily odd-dimensional. 
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Definition 2.2. A codimension-1 distribution (ona manifold M is co-orientable if its an- 

nihilator (° C T*M is an oriented line bundle, i.e., has a nowhere vanishing global section. It 
is co-oriented if one component £+ of £° \ (£° minus the zero section) is chosen. 

Definition 2.3. A co-oriented contact structure £ on a manifold M is a co-oriented 
codimension-1 distribution such that £° \0 is a symplectic submanifold of the cotangent bundle 
T*M (the cotangent bundle is given the canonical symplectic form). We denote the chosen 
component of £° \ by £+ and refer to it as the symplectization of (M, £). 

Remark 2.4. It is a standard fact that £ C TM is a co-oriented contact structure if and only if 
there is a contact form a with ker a = £ (given £ choose a to be a section of £° \ — > M). If / 
is any function on M then e* a defines the same contact structure £ and conversely, if a and a' 
are two contact forms defining the same contact sturcture with the same co-orientation, then 
a' = e?a for some function /. That is, a co-oriented contact structure is the same thing as a 
conformal class of contact forms. 

Remark 2.5. In this paper a always denotes a contact form and £ always denotes a co-oriented 
contact structure (with a co-orientation understood). We will refer to a pair (M, a) or to a 
pair (M, £) as a (co-oriented) contact manifold. 

Lemma 2.6. Suppose a Lie group G acts properly on a manifold M preserving a co-oriented 
codimension-1 distribution ( and its co- orientation. That is, suppose the lifted action of G on 
T*M preserves a component £? of C° \ 0. Then there is a G-invariant 1-form (3 on M such 
that C = ker/3 and (3(M) C C+- 

Proof. To choose (3 first choose any 1-form /3 on M with ker/3 = ( and (3{M) C (°. If 
G is compact, we then let (3 to be the average J G (gM)* P dg of f3 over the group G. If G 
is not compact, then due to the existence of slices we may assume that M = G Xjc V for 
some representation K — ► GL(V) of a compact Lie group X. We average the restriction 
(3\v '■ V — ► T*{G Xk V) over X and then extend it to all of M by G-invariance. □ 

Therefore given a proper action of a Lie group G on a contact manifold (M, £ = ker a) which 
preserves the co-orientation, we may (and do) assume that the contact form a is G-invariant. 

Definition 2.7. If a Lie group G acts on a manifold M preserving a 1-form f3, the correspond- 
ing /3-moment map ^/^ : M — > g* determined by /3 is defined by 

(2.1) (%( 3 ;),1)=/3 i (ImW) 

for all x S M and all vectors A in the Lie algebra g of G, where Xm denotes the vector field 

slt=o( 



induced by A: Aa/(x) = 4|t=o(expiA) • x. 



If dp is a symplectic form then, up to a sign convention, ^ p is a symplectic moment map. If 
a a contact form then *$> a is a candidate for a contact moment map. Note however that if / is 
a G-invariant function, then e^a is also a contact form defining the same contact distribution, 
while clearly ^ e / a = e* \P a . That is, this definition of the moment map depends on a particular 
choice of a contact form and not just on the contact structure. 

Fortunately there is also a notion of a contact moment map that doesn't have this problem. 
Namely, suppose again that a Lie group G acts on a manifold M preserving a co-oriented 
contact structure £. The lift of the action of G to the cotangent bundle then preserves a 
component £L of £° \ 0. The restriction ^ = <I>|^o of the moment map <£ for the action of G on 
T*M to £^ depends only on the action of the group and on the contact structure. Moreover, 
since & : T*M — ► g* is given by the formula 

mq,p),X) = (p,X M (q)) 
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for all q £ M, p G T*M and X £ q, we see that if a is any invariant contact form with 
kera = f and a(M) C £+ then (a**(g,p),X) = (a*<f>(q,p),X) = (a q ,X M (q)) = (W a {q),X). 
Thus *& o a = *$> a , that is, \& = <£|£° is a "universal" moment map. 

There is another reason why the universal moment map \P : £2. — ► g* is a more natural 
notion of the moment map than the one given by ( [2.1D . The vector fields induced by the action 
of G preserving the contact distribution £ are contact. The space of contact vector fields is 
isomorphic to the space of sections of the bundle TM/£ — ► M (a choice of a contact form 
identifies TM/£ with M x M. and contact vector fields with functions). Thus a contact group 
action gives rise to a linear map 

(2.2) g^r(TM/(), X^X M mod f. 



The moment map should be the transpose of the map (|2.2| ). The total space of the bundle 
(TM/£)* naturally maps into the space dual to the space of sections F(TM/£): 

(TM/0*3V^(s^(v,s(tv( V )))), 
where ir : (TM/t;)* —> M is the projection and (•,•) is the paring between the corresponding 



fibers of {TM/g)* and TM/£. In other words, the transpose * : {TM/gf -> g* of (|2j) should 
be given by 

(2.3) (V(ri),X) = (r},X M (ir(r l )) mod 

Under the identification £° ~ (TM/£)*, the equation above becomes 

(V(q, P ),X) = (p,X M (q)) 

for all q G M, pG(! and l£g, which exactly the definition of \P given earlier as the restriction 
of the moment map for the lifted action of G on the cotangent bundle T*M. Thus part of the 
above discussion can be summarized as 

Proposition 2.8. Let {M, £) be a co-oriented contact manifold with an action of a Lie group 
G preserving the contact distribution and its co- orientation. Suppose there exists an invariant 



1-form a with kera = £ and a(M) C £^ (c.f. Lemma 2.6). Then the a-moment map ty a for 
the action of G on (M, a) and the moment map ^f for the action of G on the symplectization 
£+ are related by 

Here £J_ is the component of £ \ containing the image of a : M — » £° . 

Remark 2.9. We will refer to ^f : ^ — > g* as the moment map for the action of a Lie group 
G on a co-oriented contact manifold (M, £ = kera), that is, as the contact moment map. 
It is easy to show that \I/ is G-equivariant with respect to the given action of G on M and 
the coadjoint action of G on j*. Hence for any invariant contact form a the corresponding 
a-moment map ^f a : M — > q* is also G-equivariant. 

Later in the paper we will need a version of contact reduction due to Albert JA[] and, inde- 
pendently, to Geiges |G"ef| : 

Lemma 2.10 (Contact quotients). Suppose a Lie group G acts on a manifold M preserving 
a 1-form (3. Let ^ p : M — ► q* denote the corresponding moment map. Suppose ^g (0) is a 
manifold and suppose that G acts freely and properly on ^g (0). Then (3 descends to a 1-f 



orm 



(3 on M := ^ 1 (0)/G. 

Lf (3 is contact than (3$ is contact as well. Moreover the manifold Mq and the contact structure 
on Mo defined by (3$ depends only on the contact structure defined by (3 and not on the form (3 
itself. 
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Proof. It's easy to see that p\^-i,„, is basic and hence descends. For a proof that (5q is contact 

if (3 is contact see []A| or [|Ge| . Note that the zero level set tyg (0) is the set of points of M 
where G-orbits are tangent to the contact distribution ker (3. Thus Mq depends only on ker (3. 
It is not hard to see that ker (3q depends only on ker j3 as well. □ 

We now begin the study of contact toric manifolds. 

Definition 2.11. An action of a torus G on a contact manifold (M, £) is completely inte- 

grable if it is effective, preserves the contact structure £ and if 2dimG = dimM + 1. 

A contact toric G-manifold is a co-oriented contact manifold (M, £) with a completely 



integrable action of a torus G (but see Remark |2.13 below). 



Note that if an action of a torus G on (M, £) is completely integrable, then the action of 
G on a component £5. of £° \ is a completely integrable Hamiltonian action and thus £? is 
a symplectic toric manifold (for more information on symplectic toric manifolds and orbifolds 
see Q and |Tj). 

Lemma 2.12. Suppose an action of a torus G on a contact manifold (M,£) is completely 
integrable. Then zero is not in the image of the contact moment map ^ : £j_ — > g* . 

Proof. Suppose not. Then for some point x £ M the orbit G ■ x is tangent to the contact 
distribution £. Therefore the tangent space (, x := T X {G ■ x) is isotropic in the symplectic vector 
space (^jUj;) where uj x = da x \^ and a is a G- invariant contact form with ker a = £ and 

a(M)cC+- 

We now argue that this forces the action of G not to be effective. More precisely we argue 
that the slice representation of the connected component of identity H of the isotropy group 
G x of the point x is not effective. The group H acts on £ x preserving the symplectic form uj x 
and preserving Q x . Since Q x is isotropic, £ x = (Cx /Cx) © (Cx x CO as a symplectic representation 
of H. Here Q x denotes the symplectic perpendicular to ( x in (Z, x ,ui x ). Note that since G is a 
torus, the action of H on ^ (and hence on £*) is trivial. 

Observe next that the dimension of the symplectic vector space V := C x /Cx is dim^ — 
2dimG = dimM-l-2(dimG-dim#) = (dimM-1)- (dimM+l) + 2dim# = 2dim#-2. 
On the other hand, since H is a compact connected Abelian group acting symplecticly on V, 
its image in the group of symplectic linear transformations Sp(V) lies in a maximal torus T 
of a maximal compact subgroup of Sp(V). Since the maximal compact subgroup of Sp(V) is 
the unitary group U(n), n = dimV/2, the dimension of T is n = dimi^ — 1. Therefore the 
representation of H on V (and hence of G x ) is not faithful. Since the fiber at x of the normal 
bundle of G ■ x in M is T X M/^ X © Cx/Cx — K © V © (*, the slice representation of G x is not 
faithful. Consequently the action of G in not faithful in a neighborhood of an orbit G ■ x. 
Contradiction. □ 

Suppose (M, £) is a contact toric G-manifold. Fix an inner product on the Lie algebra q 
of G and thereby on the dual space 0*. There exists then a unique G-invariant contact form 
a defining £ and its co-orientation and furthermore satisfying the normalizing condition that 
||\l/ a (x)|| = 1 at all x € M (if a' is any contact form defining £ let a x = tt^ — mu^x f° r x ^ -^"j 



by Lemma 2.12 this makes sense) 



Remark 2.13. From now on we fix an inner product on a torus G. This allows us to normalize 
contact forms on contact toric G-manifolds as above. Also, since the moment map \I/ Q : M — ► q* 
contains all the information about the action of G on (M, £ = ker a) we can and will think of a 
contact toric G-manifold as a triple (M,a,*$> a ) where a is normalized so that ||^/ Q (x)|| = 1 
for all x £ M. 

Definition 2.14. Let (M, £) be a co-oriented contact manifold with an action of a Lie group 
G preserving the contact structure £ and its co-orientation. Let ^ : £? — > g* denote the 
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corresponding moment map. We define the moment cone C(^f) to be the set 

C(tf):=tf(£)U{0}. 
Note that if a is a G-invariant contact form with £ = ker a and a{M) C £L, then 

a(*) = {t/|/6*a(M),te[0,oo)}, 

where ^ : M — ► 5* denote the a- moment map. 

Definition 2.15. Two contact toric G-manifolds (M, a, ^ Q ) and (M, a' , VPq/) are isomorphic 

if there exists a G-equivariant co-orientation preserving contactomorphism (p : M — ► M' . We 
will refer to such a map 99 as an isomorphism between (M, a, Vl/ a ) and (M, a', ^a'). 
We denote the group of isomorphisms of (M, a, Vt^) by Iso(M, a, ^ Q ) = Iso(M) 

Remark 2.16. Note that if 99 : M — ► M' is an isomorphism of two contact toric G-manifolds 

(M, a, ^ Q ) and (M, a/,\£v), then 99* a' = e-^a for some G-invariant function / G G°°(M). 

Consequently </?*^V = e f ^ a . But for any x £ M, 1 = ||^ a /(<p(a;))|| = ||e /(x) * a (x)|| = 
e /(x) 1 _ e /(x)_ Thus ^* a / _ Q and ^^ _ ^ 

Definition 2.17 (Good cones). Let g* be the dual of the Lie algebra of a torus G. Recall that 
a subset G C Q* is a rational polyhedral cone if there exists a finite set of vectors {vi} in 
the integral lattice TLq of G such that 

C = f]{v£Q*\(v,v l )>0}- 

Of course it is no loss of generality to assume that the set {vi} is minimal, i.e., that for any 
index j 

C^f]{v£Q*\(ri,Vi)>0}, 

and that each vector V{ is primitive, i.e., sv{ Zq for s S (0, 1). Therefore we make these 
two assumptions. 

A rational polyhedral cone C = C\ i=1 {r] £ Q* \ {r/,Vi) > 0}, {v^} C TLq with non-empty 
interior is goodf] if the annihilator of a linear span of a codimension k space, < k < dim G is 
the Lie algebra of a subtorus H of G and the normals to the face form a basis of the integral 
lattice TLu of H. That is, if 

k 
{0}^Cnf){rieg*\(ri,v tj )>0} 
i=i 
is a face of C for some {i±, . . . , ik\ C {1, . . . , N} then 

k k 

(2.4) {^2 a j v i 3 I a j 6*}nZ G = {^2 rrijVij \ rrij £ Z} 

3=1 3=1 

and {v^} is independent over Z. 

We can now state the main result of the paper, a classification theorem. 

Theorem 2.18. Compact connected contact toric (c.c.c.t.) G-manifolds (M,a,^ a : M — > q*) 
are classified as follows. 

1. Suppose dimM = 3 and the action of G = T 2 is free. Then M is a principal G- 
bundle over S , hence is diffeomorphic to T 3 = S 1 x T 2 . Moreover the contact form a is 
cos ntdOi + sinntd02 ((t, #1 , #2) G S 1 x T 2 ) for some positive integer n. 



1 for the purposes of this paper 
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2. Suppose dim M = 3 and the action of G = T 2 is not free. Then M is diffeomorphic to 
a lens space (this includes S 1 x S 2 ) and, as a c.c.c.t. G-manifold, (M, a, \P a ) is classified by 
two rational numbers r,q with < r < 1, r < q. 

3. Suppose dimM > 3 and the action of G is free. Then M is a principal G-bundle over a 
sphere S d , d = dimG — 1. Moreover each principal G-bundle over S d has a unique G-invariant 
contact structure making it a c.c.c.t. G-manifold. 

4- Suppose dimM > 3 and the action of G is not free. Then the moment cone of (M, a, ^f a ) 
is a good cone (cf. Definition 2.1% above). Conversely, given a good cone C C g* there is a 



unique c.c.c.t. G-manifold (M,a,^> a ) with moment cone C. 

Remark 2.19. Since principal n-torus bundles over a manifold are in one-to-one correspondence 
with second cohomology classes of the manifold with coefficients in Z n and since H 2 (S , Z n ) = 
for d 7^ 2, the only interesting case of the part 3 of the theorem occurs when dimG = 3. In 
this case the theorem asserts that each principal T 3 bundle over the 2-sphere (there are Z 3 
of them altogether) carries a unique T 3 -invariant contact structure. These contact manifolds 
were first constructed by Lutz [Lu]. Their symplectizations were also explicitly constructed by 



Bates [Bt]. 



We will prove Theorem 2.15 over the course of the next four sections. 



3. Local structure of contact toric manifolds 



The motivation for the following definition comes from Lemma |3.7| below. Note that given 
an embedding i : N — > M we do not distinguish between the vector bundles over N and over 
l(N). 

Definition 3.1. Let (M, £ = kera) be a co-oriented contact manifold. An embedded subman- 
ifold N ^-» M is pre-isotropic if 

1. N is transverse to the contact distribution £ and 

2. the distribution £ = TNn£ is isotropic in the conformal symplectic vector bundle (£, [a;]) 
where [a;] is the conformal class of da\^. 

Remark 3.2. Note that ( = ker(t*a). Note also that if a' = e?a, f G C°°(M), is another 
contact form defining the contact structure £ then i*a' = e L * i*a and dcc'U = e* (daU). 

Definition 3.3. Let i : iV °— ► (M, £ = kera) be a pre-isotropic embedding. We define the 
characteristic distribution of the embedding i to be the co-oriented distribution £ = TiVn£. 
Equivalently we can think of £ as the conformal class [t*a] of 1-forms. We define the conformal 
symplectic normal bundle {E, [uje]) of the embedding by E = C"VC where (^ is the 
symplectic perpendicular to C, in the conformal symplectic vector bundle (£, [to] = [da\^]) and 
[uje] is the conformal class of symplectic structures induced on E by [u>]. 

Remark 3.4. Suppose i : N ^-> (M, £ = ker a) is a pre-isotropic embedding. Suppose further 
that a Lie group G acts on N and M preserving the contact form a and making the embedding 
i equivariant. Then G preserves the characteristic distribution £ and acts on the conformal 
symplectic normal bundle E preserving the symplectic structure uje an d its conformal class. 

Theorem 3.5 (Uniqueness of pre-isotropic embeddings). A pre-isotropic embedding is uniquely 
determined by its characteristic distribution and its conformal symplectic normal bundle. 

More specifically suppose (Mj,£j = kerotj), j = 1,2 are two contact manifolds and Lj : N — > 
(Mj,£j), j = 1, 2 are two pre-isotropic embeddings such that 
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and 

(Ei,u>i) ~ {E2, e 0J2) as symplectic vector bundles, 
where f,h£ C°°(N) are two functions and (Ei, [uji]) and (E2, [^2]) o^e the conformal symplectic 
normal bundles of the embeddings. 

Then there exist neighborhoods Uj of Lj{N) in Mj (j = l,2j and a diffeomorphism cp : U\ — > 
U2 such that L2 = p o ti and p?ot2 = e 9 a± for some g G C°°{U\). 

Moreover if a Lie group G acts properly on N , M\, M2 making the embeddings Lj G- 
equivariant and if the action preserves the contact structures, then we may choose the neigh- 
borhoods U\, U2 to be G -invariant and the map p to be G-equivariant. 

The proof of Theorem |3.5| relies on the following observation. 

Theorem 3.6 (Equivariant relative Darboux theorem). Let N •— > M be an embedded closed 
submanifold. Suppose there exist on M two contact structures £° = kera and t; 1 = kera 1 
(a , a 1 are 1-forms) and a function f G C°°(M) such that 

a ° x = e f{x) a l x for all x G N, 

and suppose that the 2-form 

((1 — t)da x + tda x ) |^o 

is nondegenerate for all x G N and all t G [0, 1]. 

Then there exist neighborhoods Uq,U\ of N in M and a diffeomorphism p : Uq — » U\ such 
that ip\ff = idx and p>*a l = e^a 1 for some h G C°°{Uq). 

Moreover, if a Lie group G acts properly on M preserving N and the two contact forms a , 
a 1 , then we can choose the neighborhoods Uq, U\ to be G-invariant and arrange for the map ip 
above to be G-equivariant. 

Proof. Consider the family of G-invariant 1-forms a 1 = ta 1 + (1 — t)a°, t G [0, 1]. For all x G N 
and all t G [0, 1] we have ker a x = £jj! = ^ and da x \ keia t is nondegenerate. Therefore the forms 
a* are contact in a neighborhood of N for all t. It is no loss of generality to assume that this 
neighborhood is all of M. 

Denote the Reeb vector field of a* by 1<. Since the Reeb vector field is uniquely defined by 
at (Yf) = 1, c(Yf)da = and since a* is G-invariant, Yt is G-invariant as well. 

Define a time dependent vector field Xt tangent to the contact distribution £* = ker a 1 by 

X t = (da 4 | ? t)~ (-d 4 | ? t) 

where a 1 = ^a* is the derivative with respect to t. Clearly Xt is G-invariant. Note that 
X t (x) = for all x G N. This is because —a x \^t = (a x — a x )\^t = {e^ x ' — l)a^|^i = for 
x G N. We claim that the Lie derivative of a* with respect to Xt satisfies 

(3.1) L Xt a f = afQQc? - a*. 

Indeed, since a f (X t ) = 0, Lx t Oi l = i{Xt)da l . By definition of X t , (i(X 4 )<ia f )|gt = — a t \^t = 
(d*(^)a* - a*) | e t. On the other hand, (t(X f )da*)(r f ) = = a* (Y t ) 1 - a f (Y t ) = a 1 (Y^a 1 (Y t ) - 



a l (Yt). This proves (3J.). Hence 

(3.2) LxtO? + a l = a t (Y t )a t . 

Denote the isotopy generated by Xt by pt- Since Xt vanishes on N, pt is defined for all 
t G [0, 1] on a neighborhood of N. Since Xt is G-invariant, the isotopy is G-equivariant. Let 

ft OL 



g t = p* t {a\Y t )). Then 4-ApW) = fULx t a l + &*) = 9t{fW) by equation (pt). Therefore 



.' - > e-fo 9° ds \ p>^a° . In particular, 



pla 1 = e h a°, 



where h = L g s ds G C^lM). Note also that since Xt is zero at the points of N, p>t fixes iV 
pointwise. D 
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Proof of Theorem \3.Q . Suppose i : N — > (M, £ = ker a) is a G-equivariant pre-isotropic embed- 
ding. Choose a G-invariant almost complex structure J on £ compatible with u = da\^. This 
gives us a G-invariant inner product on the vector bundle £ — ► M. Extend it to a G-invariant 
Riemannian metric g on M by, say, declaring the Reeb vector field Y of the invariant contact 
form a to be of unit length and orthogonal to £ (as remarked previously, since a is G-invariant 
and the Reeb vector field Y is uniquely determined by a, Y is G-invariant). 

By construction of J, £ := ker(aJAr) and J£ are g-perpendicular and ( © JC, is a symplectic 
subbundle of ((,w). Let E 1 be the w-perpendicular to C © J( in £. The bundle E is also g- 
perpendicular to £ © J£; E is isomorphic to the conformal symplectic normal bundle of the 
embedding t. We therefore have a G-equivariant direct sum decomposition 

£\ N = C®J<®E = (TNnO®J(® E. 

Since N is transverse to £ it follows that 

TM\ N = TN® J(®E. 

Note that the Reeb vector field Y need not be tangent to N, and so JC © E need not be g- 
perpendicular to TN. Never the less, JQ®E is a topological normal bundle for the embedding 
l : N — > M. Therefore the restriction of the ^-exponential map exp : TM — > M to JQ®E gives 
an open G-equivariant embedding of a neighborhood of the zero section N ^-> JC © E into M; 
the embedding is identity on N. 

Since C is isotropic in (£, w), the map JC — ► C* defined by v i— ► w(u, -)|<; is an isomorphism. 
By composing the inverse of this map with exp we get a G-equivariant map ■*/> : C* © E —> M, 
which has the following properties. The map ip is the identity on N. It is an open embedding 
on a sufficiently small neighborhood of N in C* © E. For any point (x, 0, 0) in the zero section 
of C* © E we have 

and 

^(V'*a)(x,0,0)lker(V*a)( a: ,o,o) = U Cx®Ci © ( uj e)x, 

where k>f a ©f* denotes the canonical symplectic form on Cr © C an d (<^e)x = dot x \E x - 

Now consider two pre-isotropic embeddings tj : N — > (MjXj), j = 1,2 satisfying the hy- 
potheses of the theorem. Since t^ai = &* C^ol-i-, kert|ai = ker/^a^- Denote this distribution 
by C- Let a : E\ — ► E2 denote the vector bundle isomorphism with a*u>2 = e V- The map 
r = id © a : C* © E\ — > C* © -^2 has the property that at the points (x, 0, 0) of the zero section 
iV 

(3.3) dr (a!A0) = ^JV © ^ c * © °1(#tV 

Consider the two G-equivariant maps ^j : Cj © -^j — * M, j = 1,2 given by the construction 
at the beginning of the proof. We have, for any point x G N, 

ker((V> 2 o r)*a 2 )(a;,o,o) = (dr^o.o)) -1 ^ © C © C^)*) 
= & © C* © M* 

= ker(^ai) (a , i0i0 ). 

Also 

4V , l"l)( :C ,0,0)lker(t/.*a 1 ) (a:A0) = <*>&,©£* © (wi)x 

while 

rf(T*^2«2)( a: ,0,0)lker(^ta 1 ) {Xj0]0) = (i<k © id <* T^C^Q ® 0* (w 2 )x = ^ X (BQ © (eVl)a:- 

We now apply the equivariant relative Darboux theorem to N ^-> C* © E\ , i^i^l an< l T*V ; 2 a 2 
to obtain a G-equivariant diffeomorphism F : V\ — ► V% with F\n = idw, F*r*ip2 a 2 = e*(i/)*ai) 
for some neighborhoods V% , V2 of the zero section and some function /. The theorem follows. □ 
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Lemma 3.7. Let ty a : M — > q* be the a-moment map for an action of a torus G on a contact 
manifold (M, a). Suppose for some point x we have ^f a (x) 7^ 0. Then the orbit G ■ x is 
pre-isotropic in (M, £ = kera). 

Proof. Since the contact distribution £ is of codimension 1, in order to show that the orbit G ■ x 
is transverse to £, it is enough to prove that there is a vector X £ g such that Xm(x) £#, 
i.e., such that 7^ (x x (Xm(x)) = {^a(x),X). But the latter is exactly the condition that 

*a(z)^0. 

Next note that the fiber of the characteristic distribution £ at x is 

C x = T X (G -x)n( x = {X M (x) I = a x (X M (x)) = ($ a (i),I)}, 

Let 6 = {X G q I (^ f Q (x),X) = 0}. Since g is abelian, 6 is a subalgebra. Consequently £ is an 
integrable distribution. Since the leaves of the foliation defined by £ are tangent to the contact 
structure, £ is an isotropic subbundle of the symplectic vector bundle (£, co), where as usual 
co = da\^. □ 

Definition 3.8. Let (M, £ = kera) be a contact manifold with an action of a torus G pre- 
serving the contact form a and let ^> a : M — ► q* be the corresponding moment map. Suppose 
a point x S M is such that ^ Q (x) 7^ 0. Let £ x . denotes the fiber at x of the characteristic 
distribution of the pre-isotropic embedding G ■ x ^-> (M, £) and let Q! denote its symplectic 
perpendicular in (£,w = da\^). We define the symplectic slice at x for the action of G on 
(M, £) to be the conformal symplectic vector space V = C x /Cx with the conformal symplectic 
structure [coy] induced by [co]. We refer to the symplectic representation of the isotropy group 
G x on (V,coy) as the symplectic slice representation. 

We define the characteristic subalgebra of the embedding G ■ x ^-> (-^ ; £) to be t := 
t (x))°. Note that Q x = t/$ x and that 6 is co-oriented. 



Lemma 3.9. Let (Mj,£j = keray), j = 1,2, 6e too contact manifolds with actions of a torus 
G preserving the contact forms cx\, oli. Suppose Xj £ Mj, j = 1, 2 are two points such that 

1. / ^0:1(^1) = A^ Q2 (x2) for some A > (i.e., the characteristic subalgebras agree as 
co-oriented subspaces of q); 

2. the isotropy groups are equal : G Xl = G X2 ; 

3. the symplectic slice representations at x\ and X2 are isomorphic as symplectic represen- 
tation up to a conformal factor. 

Then there exist G-invariant neighborhoods Uj of G ■ Xj in Mj, j = 1,2, and a G-equivariant 
diffeomorphism up : U\ — > U% such that (p*a2 = & o.\ for some function f . 

Proof. The characteristic distributions and the conformal symplectic normal bundles of the 
embeddings ij : G ■ Xj ^-» (M 3 -,£y), j = 1,2, are, respectively, 

= G x Gx , (t/ Sx .) and Ej = G x Gx , Vj, 

where t = (]$$> ai (xi))° = (R^ a2 (x2))° and G Xj — ► Sp(V},o;y j .) are the symplectic slice represen- 
tations. The lemma follows from the uniqueness of pre-isotropic embeddings (Theorem jO| ). □ 

Lemma 3.10. Let (M, £ = ker a) be a contact manifold with action of a torus G preserving the 
contact form a. Suppose x £ M is such that ^> a (x) 7^ 0. Lett = (MMf a (x))° be the characteristic 
subalgebra and G x — ► Sp(V,cuv) the symplectic slice representation. Choose splittings 

5* = 0° e 0* 

and thereby a splitting 

0* = (t/fc)'ffi^(l)©flr 

Let i : 0* ^-> 0*, j : (t/$ x )* ^ 0* be the corresponding embeddings. 
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There exists a G-invariant neighborhood U of the zero section G ■ [1,0,0] in 

N = Gx Gx ((t/ dx )*®V) 

and an open G-equivariant embedding ip : U '—* M with </?([l,0, 0]) = x and a G-invariant 
1-form oat on N such that 

1. if* a = e-fctN for some function f G C°°(U) and 
1. the a^ -moment map ^a N is given by 

^ aN {[a, i], v]) = ^ a {x) + j(ri) + i(&v(v)) 

where &y : V — > g* is the homogeneous moment map for the slice representation. 
Consequently, 

\P a o V ([a,r),v}) = (e^ aN )([a, V ,v}) = e /([a ^ ]) (^(x) + j( V ) + i($ v (v))), 
for some G-invariant function f on N. 



Proof. By Lemma p. 9| it is enough to construct on N = Gxq x ((£/q x )* X V) a G-invariant contact 
form qat so that the embedding i : G/G x •— > (iV, ker«7v), i(aG x ) = [a, 0,0] is pre-isotropic, the 
symplectic slice representation at [1,0,0] is G x — > Sp(V, ujy) and ^ Qjv ([1,0,0]) = ^> a (x). 

We construct (N,cxn) as a contact quotient (see Lemma |2.10 ). Since G is abelian, both 



right and left trivializations identify the cotangent bundle T*G with G x g*. Consider the 
hypersurface 

E = Gx(tf a (s)+j((ty0*)*)+i(fl*)) 

in G x g* = T*G. Since ^ a (x) / 0, E is a hypersurface of contact type (the expanding 
vector field X is generated by dilations (0, oo) x G x g* B (t,g,u) \— > {g,tv)). Consider the 
action of GonGx g* given by g • (a, v) = (ga, v) and the action of G x on G x g* given by 
6- (a, z^) = (afe -1 , z^). Both actions preserve E, X and the tautological 1-form ar*G- The action 
of G x on V preserves the 1-form ay = i{R)toy where R is the radial vector field on V . The 
diagonal action of G x on E x V preserves the contact form (q;t*g|s) © cty. The corresponding 
moment map <I> : E x V — > g* is given by 

$((a, * a (s) + j(ri) + i(/i)), u) = -n + & v (v) 

where <L>y : V — ► g* is the ay- m oment map. Therefore the reduced space at zero for the action 
of G x is 

N := $-\G)IG x ~ {(a,ri,n,v) e G x (t/ Qx )* x q* x xV \ p = <S>y(v)}/G x = Gx Gx ((t/g x )*xV) 

and olt*g\y. © a v descends to a G-invariant contact form a at on N. 

Note that the moment map for the action of G on E x V descends to the a7v- m oment map 
for the induced action of G on N. Hence it is given by the desired formula: 

y aN {[a, i], v}) = <& a {x) + j(rj) + i($y(v)). 

D 

We will need the following standard fact. 

Lemma 3.11. A symplectic representation of a torus has well-defined weights. 

Proof. Since the unitary group is the maximal compact subgroup of the symplectic group, 
given a symplectic representation of a torus p : H — > Sp(V, u>) there exists on V an iJ-invariant 
contact structure J compatible with the symplectic form oj. We define the weights of p to 
be the weights of the complex representation p : H — » GL(V, J). Since any two i7-invariant 
complex structures on V compatible with u are homotopic, the weights do not depend on the 
choice of J, i.e., they are well-defined. □ 

The next lemma is taken from 101. 
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Lemma 3.12. If p : H — > Sp(V,u>) is a faithful symplectic representation of a compact abelian 
group H and if 2 dim H = dim V then H is connected and the weights of p form a basis of the 
weight lattice Z* H of H. 



Proof. Arguing as in the proof of Lemma 3.11 we may assume that p maps H into the unitary 
group UiV). Since the dimension of a maximal torus of U(V) is | dim y and since p is faithful, 
p maps the identity component of H onto a maximal torus of U(V). Since the centralizer of 
a maximal torus of U(V) is the torus itself, H is connected. Finally, the weights of a maximal 
torus T of U(V) form a basis of the weight lattice of T. □ 

Recall that G-orbits in contact toric G-manifolds are pre- isotropic (Lemma 3/7 and Lemma 2.12| ) . 



Lemma 3.13. Let (M,a,^ a '■ M — > g*) be a contact toric G-manifold. For any point x £ 
M the symplectic slice representation p : G x — ► Sp(V) is faithful and dimCr^ = ^diml/. 
Consequently the isotropy group G x is connected. Also the image of the moment map &y(V) 
for the slice representation p has the following properties: the cone $y(V) has d = dimG x 
edges; each edge is spanned by a weight of G x ; these weights form a basis of the integral lattice 
of G x . Hence the cone $y(V) completely determines the slice representation p. 

Proof. Let t = (E.^ a (x))° denote the characteristic subalgebra of the pre-isotropic embedding 



G ■ x ^ (M, £ = kera). By Lemma 3.1C a neighborhood of G ■ x in M is G-equivariantly 
diffeomorphic to a neighborhood of the zero section in N = G Xq x ((t/g x )* x V). Since G is 
abelian, the action of G x on (t/g x )* is trivial. Since by assumption the action of G on M is 
effective, the slice representation of G x on V has to be faithful. 

By definition of V, the dimension of V is the dimension of the contact distribution minus 
twice the dimension of the characteristic distribution, i.e., dim V = (dim M — 1) — 2 dim(6/g x ). 
Now dimM — 1 = 2dimG — 2 and dim 6 = dimG — 1. Therefore, diml/ = 2dimG — 2 — 
2 ((dim G— 1) — dim G x ) = 2 dim G x . By Lemma 3.12| G x is connected and the weights v\, . . . V& 
(d = dimG x = \ diml/) of the slice representation p form a basis of the weight lattice of G x . 
On the other hand, $y(V) = {Xw=i a % v i I a i ^ 0}- The rest of the lemma follows. □ 



As a corollary of the first part of the proof and Lemma 3.1C we get 



Theorem 3.14. Let (M, a, ty a : M — » g*) be a c.c.c.t. G-manifold normalized so that ^ a {M) C 
S{g*) = {v £ 0* I Ikll = !}• Let x £ M be a point, G x be its isotropy group (which is con- 
nected). Let p : G x — ► Sp(V,u>y) denote the symplectic slice representation, $ : V — ► g* denote 
the corresponding moment map, and letl = (JH^> a (x))° be the characteristic subalgebra. Choose 



the embeddings i : g x — ► g* , j : (t/g x )* — ► 0* as in Lemma \3JC . 

There exists an open embedding (p from a neighborhood of the orbit G/G x x {0} x {0} in 
G/G x x (l/Qx)* x V into M such that 

(3.4) (io^ {aG x ,i],v) - 



\\y a (x)+j( V )+i($(v))W 

Proof. Since the isotropy group G x is connected, the sequence 1 — » G x — » G — > G/G x — > 1 
splits. Hence G x Gi ((t/ 8l )* x V)=G/G x x (t/g x )*xV. □ 

Remark 3.15. Recall that for the standard representation of the n-torus T n on C n preserving 
the standard symplectic form u) = \f— 1 Yl dzj A dZj, the corresponding moment map $ : C n — ► 
(M n )* is given by $(z) = (\zi\ 2 , . . . , \z n \ 2 ). Hence the fibers of $ are T n -orbits. Consequently 
if p : H — ► Sp(V, ujy) is a faithful representation of a torus -ff with dim!/ = 2 dim//, then the 
fibers of the corresponding moment map <£y : V ~ * fy* are i?-orbits. 

Lemma 3.16. Let (M,a,^ a : M — ► g*) 6e a compact connected contact toric G-manifold. 
Then 

1. T/ie connected components of the fibers of$? a are G-orbits. 
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2. For any point x £ M and any sufficiently small G -invariant neighborhood U of x in M the 
pair (M + ^ Q (x), C{^ a \u)) determines the contact toric manifold (U, a\u, ^f a \u = ^a\ v )- 
(Recall that C(^f a \u)) = {t^> a (x) | t £ [0, oo), x £ U} is the moment cone of^> a ). 

Proof. Fix a point x £ M. Let p : G x — > Sp(V, uy) denotes the corresponding symplectic 
slice representation and t = (M^ / Q (x))° the characteristic subalgebra. Let i : g* — ► q* and 
3 '■ (fyflx)* — > 0* be the embeddings as in Lemma |3.1C| . 



By Lemma p.loj , the isotropy group G x is connected. By Lemma |3.10| there exists a G- 
invariant neighborhood U of G ■ x in M, a G-invariant neighborhood Uq of G ■ [1, 0, 0] in N = 
G Xq x ((t/flz)* x ^0> a G-invariant contact form a^ on N and a G-equivariant diffeomorphism 
(f : Uq — ► U such that <p>* a = e-^a^ for some G-invariant function /. Consequently the a- and 
ajv-moment maps are related by ty a ocp([a,r),v]) = e^^ a,v ' v ''^> aN ([a, n, v]). Recall that the ajy- 
moment map ^> aN is given by ^ aN ([a,r],v]) = ($> a (x) + j{rj) + i($y{v))), where <3?y : V — ► 0* 
is the moment map for the slice representation. 

As observed previously the connectedness of G x implies that N is diffeomorphic to G/G x x 
(ty&c)* x V. Under this identification ^ aN (aG x ,n,v) = ty a (x) + j{rj) -M($y(u))- Hence a 
fiber of ^ aN is of the form G/G x x {rf\ x $y (//). Since the fibers of 3>y are G x -orbits (see 
Remark [3.15 ), the fibers of ^a N are G-orbits. It follows that for any point rj £ q* the set 



^qH 7 ?) n U is a G-orbit. 

We next argue that the pair (R + ^ Q (x), C(^ a \u)) determines G x and the symplectic slice 
representation p (it obviously determines the characteristic subalgebra). It is no loss of gen- 
erality to assume that (M,a,^ a ) = (N,a.N,^a N ) (note that the contact form a^ is not 
normalized but this won't matter) and that U is a neighborhood of G/G x x {0} x {0} in 
N = G/G x x (t/g x )* x V. Since G x is connected it is determined by its Lie algebra g x or, 
equivalently, by its annihilator g°. Let G be the moment cone of (U, (Xn\u, ^a N \u)- We may 
assume that U is of the form G/G x x D\ x D% where D% is a neighborhood of in (t/$ x )* an d 
D 2 is a G^-invariant neighborhood of in V. Then G = {0}UR + ($ tt (i) + j(D 2 ) + i(<S>v(D2)))- 
Note that M + (*q,(x) + j(Z?2)) is an open subset of g°. Hence 

q x = {w £ g* | there is e > such that ^ a {x) +tw £ C for all t £ (— e, e)}. 
Once we determined q x we have the natural inclusion i : q x — > q and the dual projection 
' ' '"' "^ flS- Note tnat tT °J = ^flj- Therefore £ T (G) = $y(F). By Lemma pTTg| , the cone 



<J>y(V) completely determines the representation p : G x — > Sp(V, wv). □ 

4. Properties of contact moment maps 

We need two properties of moment maps for action of tori on contact manifolds. 

Definition 4.1. Let \I/ Q : M —> q* be the moment map for an action of a torus G on a 
manifold M preserving a contact form a. The corresponding orbital moment map is the 

map ^ a : M/G -> q* induced by * a . 

The first property is the convexity of the image and the connectedness of the fibers which 
is due to Banyaga and Molino in the toric case [ |BnMl| , 



Theorem 4.2 below applies to contact toric manifolds).^ 



BnM2[ (by Lemma 2.12 we know that 



Theorem 4.2. Let (M, £) be a co-oriented contact manifold with an effective action of a torus 
G preserving the contact structure and its co- orientation. Let £2. be a component of the anni- 
hilator of £ in T*M minus the zero section: f \0 = CU (—£+). Assume that M is compact 
and connected and that the dimension of G is bigger than 2. If is not in the image of the 
contact moment map \l/ : £2. — ► 0* then the fibers of \& are connected and the moment cone 
G(\&) = ^(£2.) U {0} is a convex rational polyhedral cone. 



Proof. See yj. □ 



I don't understand the proof of convexity and connectedness in [BnM2]. In particular it is not clear to me 



how the hypothesis that the dimension of the group is at least 3 is being used. 
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Lemma 4.3. Let (M,a,^/ a : M — ► g*) be a c.c.c.t. G-manifold normalized so that *$> a (M) C 
S(q*). Suppose dimM > 3. Then the fibers of the moment map ^f a are G-orbits. Consequently 
the orbital moment map ^ a : M/G — > S(g*) is a (topological) embedding. 



Proof. By Theorem 4.2, the fibers of ty a are connected. By Lemma 3. 16| the connected com 



ponents of the fibers of ^ a are G-orbits. Therefore the fibers of ^ a are G-orbits and the 
orbital moment map is injective. Since M/G is compact, the orbital moment map ^> a is an 
embedding. □ 



Lemma |L3| does not hold for 3-dimensional contact toric manifolds. For example consider 
(M,a) = (5 1 x T 2 , cos ratc^i + sinnid^) with the corresponding moment map ^f a (t, 61,62) = 
(cos nt, sin nt). The orbital moment map is ^> a : S 1 = M/T 2 — ► 5(R 2 ) = S 1 is given by 
^?a(t) = (cos n£, sin rat), which is not an embedding for n > 1. However, ^> a (t) is an embedding 
locally. This is true in general. 

Lemma 4.4. Let (M,a,^/ a : M — > g*) be a c.c.c.t. G-manifold normalized so that \P a (M) C 
S(q*). For any x £ M/G there is a neighborhood U of x in M/G such that the restriction of 
the orbital moment map ^> a to U is an embedding into S(g*). 



Proof. This is an easy consequence of the local normal form theorem, Theorem |3.14 . □ 



Lemma 4.5. Let {M,a,^ a : M — ► g*) be a c.c.c.t. G-manifold normalized so that ty Q (M) C 
S(q*). Assume dimM > 3. If the moment map *$> a : M — > S(q*) is onto, then the action of G 
on M is free, hence ^ a : M — ► 5(g*) is a principal G -bundle. 

Proof. Suppose the action of G is not free. Then for some point x £ M the isotropy group G x 
is not trivial. By Lemma ^^ for any G-invariant neighborhood U of the orbit G • x there is an 
open subset W of the sphere 5(0*) such that 

y a (u) = wnv a (M). 

By the local normal form theorem, Theorem |3.14| , we may choose U and W so that 

*a(a0+j'O7) +*(*(«)) 



q> a (U) = Wll 



\y a (x)+j(v)+i($(v) 



v e WdxT, veV 



where as in Theorem [3.14| p : G x —> Sp(V, a>y) denotes the symplectic slice representation, 
$ : V — > g* denote the corresponding moment map, t = (J^> a (x))° is the characteristic 
subalgebra, and i : g* x — > g* , j : (t/g x )* — > g* are the embeddings as in Lemma 3.10| . Since G x 



is nontrivial, the symplectic slice V is not zero. It follows from Lemma 3.13 that 3>(V) is a 
proper cone in g*. Therefore ^ a n W 7^ W, i.e., ^f a is not onto. Contradiction. Therefore the 
action of G is free. 

By Lemma [4.3| , the fibers of ^ a are G-orbits. Therefore if the action of G is free, then 
^ a : M — ► 5(0*) is a principal G-bundle. □ 



The next lemma is a partial converse to Lemma |4.5| . 

Lemma 4.6. Suppose a Lie group G acts on a manifold M preserving a contact form a. Let 
fy a : M — ► g* denotes the corresponding moment map. Suppose the action of G at a point x is 
free and the value fj, of moment map at x is non-zero. Then n^ o d(^ a ) x : T X M — ► g*/M/x is 
onto. Here tv^ : g* — > g* /M.fi is the obvious projection. 

Proof. Since the action of G at x is free, for any / I £ g the induced vector field Xm 
is nonzero at x: Xm(x) / 0. Since the action of G preserves a, = di{XM)ot + i{XM)da. 
Therefore, for any v £ T X M 

(d(V a ) x (v),X) = d{^ a ,X) x (v) = da x {v,X M (x)). 
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Now 

(S71M* = ker^ = {X e | (* Q (x),X) = 0} 

(4.1) = {X£g\a x (X M (x)) = 0} 

= {X G g | I M e kerc^}. 

Hence to prove that 7T« o <i(^ / Q ) :r . : T^M — ► g*/R// is onto, it's enough to show that for any 
0/Ieg with a x (X M (x)) = there is v E T X M with do^A^x)) = (d(^f a ) x (v),X) ^ 0. 
Since a is contact, <ia|kero is nondegenerate. Therefore, for any Xm(x) ^ with oc x (Xm (%)) = 
there is v S kera^ so that da x (v,XM(x)) ^ 0. □ 

Corollary 4.7. Lei (M, a, VI/q, : M — ► 0*) 6e a c.c.c.t. G-manifold normalized so that ^ a (M) C 
5(0*). 7/ i/ie action of G is free then the moment map ^ a : M — » S(g*) is a submersion. 
If additionally dimM > 3 then ^ a : M — > 5(0*) is a principal G-bundle. 



Proof. By Lemma L6, the differential d(^ a ) x '■ T X M — > Tyr x )S(g*) is surjective for all x E M. 
Consequently the image Vl/ a (M) is open in the sphere. On the other hand the image is closed 
since M is compact. Thus the image is the whole sphere and ^ a : M — > S , (fl*) is a submersion. 
Since M is compact it follows that ty a : M — ► S(g*) is a fibration. If dimM > 3 then, by 



Lemma 4.3, ^> a : M — ► 5(0*) is a principal G-bundle. D 



Definition 4.8. Two contact toric G-manifolds (M,a,^ a ) and (M, c/, \Iv) are locally iso- 
morphic if 

1. there exists a homeomorphism <p : M/G —> M'/G and 

2. for any point x £ M/G there is a neighborhood ?7 C M/G containing it and an iso- 
morphism of contact manifolds <pjj : 7r _1 (L r ) — ► (Tr')~ l (ip(U)) such that 7r' o tpu = (p o n 



where ir : M — > M/G and 7r' : M — » M/G are the orbit maps (hence, by Remark 2.16, 



V^a = a). 

Lemma 4.9. lei (Mi,cni,* ai : Mi -> 0*) and (M 2 ,a2,* a2 : M 2 -> 0*) 6e too c.c.c.t. G- 
manifolds normalized so that ^ ai {Mi) C S(g*), i = 1,2. Suppose there is a homeomorphism 
ip : M\/G — ► M2/G so that ^ a2 o <p = $ ttl , where ^ a ±, ^a- 2 are orbital moment maps. 
Then (Mi,ai,W ai ) and (M2 , «2 , *a2 ) are locally isomorphic. 

Proof. Denote the orbit map Mj — ► Mi/G by 7Tj, i = 1, 2. We want to show that for any point 
x G Mi there is a G-invariant neighborhood U\ C Mi and a G-equivariant diffeomorphism 
ipu : U\ — ► ^2 = tt^ ((^(7ri(f7i))) such that <^*/«2 = "i and such that 

7T2 tpu = tfO (7Ti I C/ x ) . 

Pick a point X2 £ 7rJ (^?(xi)). Then, since ^ Q2 o ip = ^f ai , we have ^^(a^) = ^^(xi). 
Also, given a G-invariant neighborhood Lq of xi in Mi, let JJ% = vr^" (<^(7Ti(Lq))). We have 
■$ a2 (U 2 ) = *o. a (^(7ri(C/i)) = * ai (7Ti(C/i)) = * ai (f7i). Therefore by Lemma ETllj (2) if Lq is 
sufficiently small there exists a G-equivariant contactomorphism tpu : Lq — > f72- Hence, as 
remarked earlier, ^ Q2 o <^fy = \J/ Ql and V9*/«2 = «i- 

It remains to show that the map (pu induced by ipu on U\/G is (p. If Lq is sufficiently 



small, then by Lemma 4.4 the maps ^> ai : Ui/G — ► S(g*), i = 1,2, are embeddings. Since 



*a 2 °W = *ai> ®a 2 <Pu = *«r Therefore 93(/ = (^aJ^^J °*«il,n(CTi) = ^L(t/i)- D 

5. From local to global 

In this section we prove that compact connected contact toric manifolds are classified by 
the elements of the first Cech cohomology of their orbit space with coefficients in a certain 



sheaf. The argument here is an adaptation of the argument in [LT| (which was due to Lerman 



Tolman and Woodward), which, in tern, was an adaptation of the argument in [HSJ. I recently 



learned that essentially the same idea was developed earlier by Boucetta and Molino [BoM]. 
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Let (M, £ = ker a) be a co-oriented contact manifold. Recall that a vector field S is contact 
if its flow preserves the contact distribution £, or, equivalently, if L=a = fa for some function 
/ G C 00 (JVf). A choice of a contact form a with ker a = £ establishes a bijection between 
contact vector fields and functions: given a contact vector field S the corresponding function 
is a(S). Conversely, given a function / E G°°(M) the corresponding contact vector field Hy is 
defined by 

(5.1) E f = fY a -(da\sr 1 (dfk), 

where Y a is the Reeb vector field of a, that is, the unique vector field such that a(Y a ) = 1, 
i(Y a )da = 0. Note that since da\g is nondegenerate, (da\^)~ 1 (df\^) is a well-defined vector field 
tangent to £. Also, if 3 is contact then 

L~a = Y a (a(E))a. 

If a Lie group G acts on the manifold M and if a is G-invariant, then it induces a bijection 
between G-invariant contact vector fields and G-invariant functions. 

Lemma 5.1. Suppose (M,a,^ a : M — > g*) is a contact toric G-manifold. For any G- 
invariant function f the flow cp t of the corresponding contact vector field Hj preserves the 
contact form a and induces the identity map on the orbit space M/G. In particular Hj is 
tangent to G-orbits. 

Proof. We first consider the special case of / = 1. Then the corresponding contact vector 
field is the Reeb vector field Y a . By definition of Y a the Lie derivative L Ya a satisfies L Ya a = 
di(Y a )a + t(Y a )da = d(l) +0 = 0. Hence for any leg 

L Ya {V a ,X) = L Ya {i{X M )a) = i{L Ya X M )a + c(X M )(L Ya a). 

Since Y a is unique, it is G-invariant. Hence \Y a , Xm] = for any X £ g. And by the previous 
computation L Ya a = 0. Therefore 

(5.2) L Ya {* a ,X) = L Ya (i(X M )a) = c([Y a ,X M ])a + i{X M )L Ya a = + 0. 

Thus the Reeb vector field is tangent to the fibers of the moment map *$> a . Since (M,a,^ a : 
M — > q*) is toric, the connected components of the fibers of ^! a are G-orbits (see Lemma |3.16 ). 



Therefore the Reeb vector field is tangent to G-orbits. Hence for any G-invariant function /, 
Ya(f) = and consequently L^ f a = Y a (f)a = 0. That is, the flow ip{ of Ef preserves a. 
For any leg 

L3 t (* a ,X) = L Sf (c(X M )a) = t([S f ,X M ])a + i{X M )(L Ef a) = + 0. 

Since connected components of the fibers of ^f a are G-orbits, this proves that the contact vector 
field Hj is tangent to G-orbits for any invariant function /. Hence the flow of Hj induces the 
identity map on the orbit space M/G. □ 

Proposition 5.2. For a fixed torus G, the isomorphism classes of contact toric G-manifold 
locally isomorphic to a given contact toric G-manifold {M,a^ a ) are in one-to-one correspon- 
dence with the elements of the first Cech cohomology group H l (M/G,S) where S is the sheaf 
of groups on the orbit space M/G defined by 

S(U) =Iso(vr~ 1 ([/)), 

the group of isomorphisms of the contact toric manifold (■K^ 1 (U),a\ 7T ~i^ u ^^ a \ 7T -i^) (cf. Def- 
inition 2.1fy . Here again it : M — > M/G denotes the orbit map. 



Proof. The argument is standard (compare [HS], Proposition 4.2 or [BoM]). Suppose (M', a' , ^ a ') 



is a contact toric G-manifold locally isomorphic to (M, a, ^> a )- Fix a homeomorphism ip : M = 
M/G — » M = M' /G. Choose an open cover {Vi} of M such that for each i there is a 
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G-equivariant contact diffeomorphism <Tj : 7r _1 (Vi) — ► (i:')~ l ((p(yi)) inducing (p on Vi (here 
■k' : M' -> M'/G is the orbit map). Let 

/y = Tj o <Xj|y. n y.; 

it is a Cech 1-cocycle whose cohomology class in H 1 (M,S) is independent of the choices made 
to define it. 

Conversely, given an element of H l (M,S) we can represent it by a Cech cocycle {/ y - : 
7r _1 (yj D Vj) — > 7r _1 (Vi n Vj)}. We construct the corresponding contact toric G-manifold by 
taking the disjoint union of the manifolds (TT~ 1 (Vi),a\ 7T -i^y.^,^ a \ n -i^y.^) and gluing 7r _1 (Vi) 
to 7r _1 (V^) along 7r _1 (Vi n V,) using fy. The cocycle condition guarantees that the gluing is 
consistent. □ 

Proposition 5.3. Let (M,a,ty a ) be a contact toric G-manifold. Let it : M — » M/G denote 
the orbit map, and let TLq := kerjexp : g — > G} denote the integral lattice of the torus G. There 
exists a short exact sequence of sheaves of groups 

(5.3) 0-»2e4cA5-»l, 



where for a sufficiently small open subset U of the orbit space M/G 

1. Z G (l7):=C' °(7r- 1 (l7),Z G ) G ; 

2. C(C/) = C oo (7r~ 1 (L0) G ' ; i/ie sheaf of "smooth" functions on M/G; 

3. S{U) := Iso(-7r _1 (t r )) is the sheaf defined in Proposition \5.3{ . 

Hence S is a sheaf of abelian groups and the cohomology groups H l (M/G,S) are defined for 
all indices i > 0. 



Proof. Let U be an open subset of M = M/G and let / G C{U). By Lemma 5.1 , the time 
t-flow tp( : 7T _1 ([7) — > 7r _1 (C/) induces the identity map on U and preserves the contact form 

£ 

a. Hence for any t, ip t is in S(U). We define the map A : C(U) —>■ S(U) by 

A(/) = 4- 

We next argue that A is onto. Suppose (p G <S(U). By Theorem 3.1 of [ |HS| |, there exists a 
smooth G-invariant map a : 7r~ 1 (L r ) — > G such that 

<y?(x) = o(x) ■ x 

for all x £ 7T _1 ([7). Moreover, if U is contractible, then cr(x) = exp(X(x)) for some smooth 
G-invariant map X : 7r _1 (C/) — > g. It's not hard to check that x \— > exp(X(x)) • x is the time-1 
flow of the vector field A'(x) := (X(x)m)(^)- Note that X is a G-invariant vector field: for any 
g £ G and x £ vr _1 (C7) 



X(g-x) = (X(g-x)) M (g-x) = -^ 



exp(sX(5-x))-(5f-x) = — 



5-(exp(sX(x))-x) = dg M {X{x)), 

s=0 



where the second equality holds because X is G-invariant and G is abelian. 

We next prove that the Lie derivative of a with respect to X is zero: L^a = 0. To do this 
we recall a few facts about basic forms |R]]. Given an action of a compact Lie group G on a 
manifold M, a form j3 is basic if it is G-invariant and if for any X £ q, the contraction i(Xm)(3 
is zero (for zero forms we only require invariance). The set of basic forms is a subcomplex of 
the de Rham complex of differential forms, i.e., if (3 is basic then so is d/3. Also, if cp : M — > M 
is a G-equivariant map inducing the identity on M/G and (5 is basic, then (p*/3 = (3. This is 
because it is a closed condition that holds on the open dense subset of points of principal orbit 
type. 

We claim that L^-a is basic for the action of the torus G on the manifold 7r~ 1 (C/). Note that 
L-^-a = di{X)a + i{X)da. Since X and a are G-invariant, a(X) is G-invariant hence basic. 
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Therefore di{X)ot is basic. Also, since X and a are G-invariant, the second term i{X)da is 
G-invariant. It remains to show that for any F£g,0 = t(Y^)[i(X)da]. Now for any Y,Z G 

da(Y M , Z M ) = Y M (a(Z M )) - Z M (a(Y M )) - a([Y M , Z M \) = 0-0-0, 

because ai/Yu)-, o(Zm) are G-invariant functions and because [Ym,Zm] = — (\Y,Z])m — 
(since G is abelian). Therefore for any x G 7r _1 (£7) 

i{Y M )[i(X)da) = da x (Y M (x), (X(x)) M (x)) = 0. 

Next let Tt denote the time-i flow of the vector field X. Clearly r% is G-equivariant and 
induces the identity map on U. Thus , since (L^-a) is basic we have (T t )*(L^a) = (L^a) for 
all t. We also know that n = <p and that <p*a = a. Therefore 

= ip*a — a = r*a — Tq(x = / —{r*a)dt= I T^(Lj^a)dt= / (L^-a) dt = (L^-a). 

Jo dt Jo Jo 

We conclude that X is a contact vector field. We define / = a(X). Then the contact vector 
field of / is X and A(/) = ip± = n = (p. This concludes the proof that A : C — ► S is onto. 
We define the map j : TLq —>■ C by j(X) = ($! a ,X). Thus it remains to show that for any 

sufficiently small set U C M/G and any function / £ C(J7) if y{(x) = x for all x £ 7r _1 (C7) 
then 

/=(^a,A) 

for some A G Z(j. In fact it is enough to show that the above equation holds on the open 
dense subset 7r _1 (C/o) of ir~ l {U) consisting of the points where the action of G is free. Now the 



contact vector field "Ef of / is G-invariant and is tangent to G-orbits (Lemma 5.1). Therefore 
there exists on 7r _1 ([/o) a G-invariant smooth map X : 7r _1 (f7o) — ► such that 

E f (x) = (X(x)) M (x). 

Now the time— 1 flow of X(x) := (X(x))m{x) is x t— > exp(A(x)) • x. Thus if f\{x) = x, then 
exp(A(x)) • x = x for all x G 7r _1 ([/o). Hence exp(A(x)) = 1 and so X{x) G TLq for all 
x G 7r _1 (C/o). Therefore, since Z^ is discrete and X is continuous and since we may take 
7r _1 (L r o) to be connected, X(x) = X for some fixed vector X G Z(j. It follows, since 7r _1 (£/o) 
is dense in 7r _1 (t r ) that Hj(x) = Am(x) for all x G 7r _1 (C/). Consequently / = a(H/) = 
a(A M ) = (* a ,A). D 

Corollary 5.4. Under the hypotheses of the proposition above, 

H\M/G,S) = H i+1 (M/G,Z G ) 
for all i > 0. 

Proof. The sheaf C is a fine sheaf, so the long exact sequence in cohomology induced by ( f5.3| ) 
breaks up for i > into isomorphisms F*(M/G,5) ~ H i+1 (M / G , Z G ) . □ 

6. Proof of the main classification theorem 



6.1. Proof of Theorem 2.18J (1). Suppose (M, a, \I/ Q ) is a c.c.c.t. G = T 2 manifold and 



suppose the action of G is free. Then the orbit space M/G is a 1-dimensional compact connected 
manifold without boundary, hence is a circle S . Moreover, since any principal T 2 -bundle over 
S 1 is trivial, M is diffeomorphic to S 1 x T 2 = T 3 , It remains to show that the contact form a 
equals a n = cos nt dd\ + sin nt dQi for some positive integer n. 



By Lemma ^6 the orbital moment map ^> a : S 1 = M/G — ► S(g*) = S 1 is a submersion, 
hence is a covering map. Therefore there is a homeomorphism (p : M/G — > S" 1 such that 
f„ n o p = $ Q where ^ r Q , n is the a n -moment map and n is the number of sheets in the cover 
^q : S" 1 — ► 5 . By Lemma L9 (M, a, ^ a ) is locally isomorphic to (Af, a n , ^ a „)- It follows from 

and the fact that i? 2 (S' 1 ,Z 2 ) = that (Af, a,^ Q ) is isomorphic 



Proposition |5.2| , Corollary 
to (M,a n ,1v). 
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6.2. Proof of Theorem ^Wj (2). 

Lemma 6.1. Let (M,a,^f a ) be a c.c.c.t. G = T 2 manifold normalized so that ^> a (M) C 5*(g*) 
and suppose the action of G is not free. Then 

1. The orbit space M/G is homeomorphic to the interval [0,1]. 

2. The orbital moment map ^> a : M/G — > 5(0*) = S 1 /i/te to an embedding ^ a : M/G — ► R 
so t/iat II o v&q, = ^ Q where H : R — ► S 1 is i/ie covering map n(t) = (cos i, sin i). 

3. ty a (M/G) = [ti,t2], and tern ti,t&nt2 are rational numbers. 

4. 7/(M',a',*Q,') is another c.c.c.t. G -manifold with ® a >(M' /G) = ^ a (M/G) then(M',a',V a ,) 
is isomorphic to (M, a, \l/ a ). 

5. Given £1,^2 £ R lozi/i < ii < 2-7T, ii < i 2 an ^ tan ti, tan £2 rational, there is a c.c.c.t. 
G -manifold (M,a,^ a ) with * a (M/G) = [£i,£ 2 ]. 



Proof. Since (M, a, \Pa,) is contact toric, ^ a (x) ^ for any x 6 M (Lemma p. 12 ). Therefore 



the action of G on M has no fixed points. By Lemma 3.13 all the isotropy groups are connected. 
Therefore they are either trivial or circles. Suppose the isotropy group G x at x is a circle. Then 
its Lie algebra q x equals the characteristic subalgebra t. Hence ^ a (x) is a multiple of a weight 
fl £Z* G . 

Also, the dimension of the symplectic slice V at x is 2. Hence the symplectic slice represen- 
tation is isomorphic to the standard action of S 1 on C: A • z = Xz. Consequently, by the local 
normal form theorem, Theorem |3.14j , a neighborhood of x in M is diffeomorphic to 5 1 x C, 
and a neighborhood of G ■ x in M/G is homeomorphic to C/S 1 = [0, oo). We conclude that 
M/G is a 1-dimensional G° manifold with boundary. Since M is compact and connected and 
since G = T 2 it follows that 

1. M/G is homeomorphic to [0, 1]; 

2. there are exactly two orbits G • x\, G ■ X2 which are diffeomorphic to S 1 ; 

3. For i = 1, 2, ^q,(xj) = tt^tt where \ii = d^i and the character Xi is the map G — > G/G Xi . 

Since G = T 2 we may identify g* with R 2 and the weight lattice Zq with Z 2 . Then for any 
weight n of G, tAt = (cost, sin £) for some t € R with tan£ rational. 

Since M/G is homeomorphic to [0, 1], the orbital moment map 'J'q, : M/G — » 5"(g*) = S* 1 
lifts to a map * a : M/G — >■ R such that rio$ a = $ a . Note that $> a (M/G) is an interval with 
end points being the images of the exceptional orbits G ■ xi, G ■ X2- Hence we may assume that 
iff a (M/G) = [ti,t2], < t\ < 2-7T, and that tan£i, tan £2 are rational numbers. 



Moreover since ^ a is locally an embedding (Lemma 4.4), ty a is an embedding. Thus ^ a : 
M/G — > [ti, ^2] is a homeomorphism. 

Now suppose (M', a', \Iv) is another c.c.c.t. G-manifold with ^ a i(M'/G) = [ii,^]- Then 
93 := (*& Q ') _1 o ^ a : M/G — ► M'/G is a homeomorphism with ^V o ip = ^f a . By Lemma 
(M, a, * a ) and (M' , a', * a /) are locally isomorphic. Since M/G is contractible, H 2 (M/G, I?) 
0. By Corollary jd| H X (M/G,S) = H 2 (M/G,Z 2 ), where 5 is the sheaf in Proposition | 



Hence, by Proposition [5.2| , (M, a,^ a ) and (M',a',^f a r) are isomorphic. 

To prove part (5) we use an equivariant version of Proposition 2.15 in [L2| : 



Proposition 6.2. Suppose (M, a) is a contact manifold, M is a manifold with boundary of 
the same dimension as M embedded in M . Suppose further that there is a neighborhood U in 
M of the boundary dM and a free S 1 action on U preserving a such that the corresponding 
moment map f : U — ► R satisfies 

1. /-^(O) = dM and 

2. / -1 ([0,oo)) = UHM. 

Let M cut = M / ~, where, for m / m! , m ~ m! if and only if 

1. m,m' 6 9M and 

2. m = X ■ m' for some AgS 1 , 
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Then M cut is a contact manifold, dM/S 1 is a contact submanifold of M cut , and M cu t^(dM / S ) 
is contactomorphic to M \ dM . 

Moreover if there is an action of a Lie group G on M preserving M , a and commuting with 
the action of S 1 on U , then there is an induced action of G on M cu t preserving the induced 
contact structure. 

Suppose we are given £i,£2 G K with tan £1, tan £2 rational, < t\ < 2tt and t\ < £2- For 
each i there is a weight (mi,ni) G Z 2 such that (cos£j,sin£j) lies on the ray through (rrii,ni). 

Choose e > sufficiently small so that f\ (£) = —n\ cos t+m\ sin t is non-negative on [£1 , £1 +e) 
and /2(£) = n2Cos£ — mishit is non-negative on (£2 — £,£2] and t\ + e < £2 — e. Consider 
M = Rx S l x S 1 with the contact form a = costddx + smtd6 2 , (t,6 1 ,9 2 ) G R X S 1 x S 1 . Let 
M = [£i,£ 2 ] xS 1 xS 1 , U = ((£i-e,£i + e)U(£ 2 -e,£ 2 + e))x5 1 x5 1 . Consider/ : U -> R given 
by /(£, 01,62) = —n\ cost + mi sin£ for £ G (£1 — e,t\ + e) and fit, 61,62) = ^2 cos£ + 7712 sin£ 
for £ G (£2 — e, £2 + e). The function / is a moment map for a circle action on U generated on 
(£i-e,£i + e) x S 1 x S 1 by -m^ + mig^ and on (£ 2 -e,£ 2 + e) x^xS 1 byn2-^-m 2 -^. 

Note that the obvious action of G = 5 1 x S 1 on M preserves M, a, £7 and commutes with 
the action of S l defined by /. Therefore we may apply Proposition |6.2| . The contact manifold 
M cu t so obtained with the induced action of G is the desired manifold (M, a, \& Q ). □ 

6.3. Proof of Theorem 2.18| (3). Let (M, a, \I> a ) be a c.c.c.t. G-manifold normalized so that 



^ a {M) C S(g*), suppose the action of G is free and suppose dimM > 3. By Corollary [L7| the 
moment map ^ a : M — ► S(g*) is a principal G-bundle. By Lemma ^^ (M,a,^ a ) is locally 
isomorphic to the co-sphere bundle S*G = G x S(q*) of the torus G with the standard contact 
structure and the obvious action of G. By Proposition |5.2| (M, a, \&q,) corresponds to a class in 



H l {M/G,S) = H x {S{q*),S). By Corollary O H 1 (S(s*), S) is isomorphic to H 2 (S(q*),Z g 



On the other hand the cohomology group H (5(fl*),Z G ) classifies principal G-bundles over the 
sphere -S , (g*). This suggests (but doesn't yet prove!) that every principal G-bundle over S(g*) 
has a unique invariant contact structure. To prove this we need to trace through identifications. 
Recall that principal G-bundles (for G a torus) over B = S(q*) are in 1-1 correspondence 
with classes in the first Cech cohomology H l (B,G) where G is the sheaf defined by G(U) = 
C°°{U,G), for U <Z B sufficiently small. Recall also that we have a short exact sequence of 
sheaves 

^z G ^s" p G^l, 

where Z G (U) = C°°(U,Z G ) ~ Z G , q(U) = C°°(U,q) and exp : g -> G is induced by exp : g -» 
G. On the other hand, by Proposition ^^ we have the short exact sequence 

We claim that there are morphisms a : C — > q and b : 5 — > G so that the diagram 



id 



c 



G 



commutes and that, moreover, b induces an isomorphism ff 1 (5(g*),5) — ► ff 1 (5(g*), G). 

Denote the projection M — > S(g*) by 7r. Fix an open set U C 5(g*) small enough so that 
7r _1 (J7) = U x G. By Lemma |5.1| for any / G C(U) the contact vector field Hj of / is tangent 
to G-orbits, i.e., to the fibers of n. Since the vector field Hj is also G-invariant, for any x G U 
there is a unique X(x) G Q such that for any m G 7r _1 (x) 

H/(m) = (X(x)) M (m) 



(cf. proof of Proposition 5.3). We define a(f) to be the map X : U — > q, x i— > X(x). Since 
an element 93 G <S(C/) is a G-equivariant diffeomorphism of 7r _1 (C/) = U x G into itself, it is 
completely determined by (f\ux{i}- We define 6 : S(U) — > G by 6((/?)(x) = </?(x, 1). 
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By definition of A : C — > S, A(/) is the time 1 flow of E/. Thus if Ef(m) = (X(n(m)))M (jn) 
then A(/)(m) = (exp X(ir(m))) ■ m = exp(a(/)(7r(m))) • m. Consequently b(A(f))(x) = 
exp(a(/)(x)) ; i.e., 6oA = expoa. 

Finally the left hand square commutes by definition of j and the fact that the contact vector 
field of the function {^/ a ,X) is Xm- This proves the claim. 

Since C and g are fine sheaves we have 

H\S(q*),S) ^U H 2 (S(q*),Z g ) 



H\b) 



H 2 (id) 



H l (S( Q *),G) — ^ H\S(g*),Z G ) 

Therefore the map -ff 1 (6) induced by b on the first Chech cohomology is an isomorphism. 

6.4. Proof of Theorem gTI| (4). 

Lemma 6.3. Let 0* be the dual of the Lie algebra of a torus G. Let C C 0* be a good polyhedral 
cone. There exists a c.c.c.t. G-manifold (M,a,^ a ) such that the moment cone of^ a is C. 

Proof. Suppose C = P|{r/ G 0* \ (r/, Vi) > 0} is a good polyhedral cone defined by some subset 
{vi}f =1 of the integral lattice "Lq- 

As a first step we construct a symplectic cone (S, ui^ with a symplectic action of G com- 
muting with dilations such that the image of the corresponding moment map <3?s : S — > 0* is 
C. The construction is a slight adaptation of a well-known construction of Delzant (c.f. Q, 

II). 

Let {e{\ denote the standard basis of M. N . Consider the map w : M. N — ► q given by 
zu(J2 a i e i) = Yl a i v i- Since w(Z, N ) C Zq, vj induces a map w : T^ = R w fZ N — > q/T^g = G. 
We write [a] for the image of a = (cti , . . . , a at) G R in T . Note that the kernel T of w is 

T = {\ a \ I X^^ G Zg }- 

It is a compact abelian subgroup of T with Lie algebra t = kevw. Note that T need not be 
connected. 

Consider the standard action of T on (C , ^fe- Yl dzj A dzj): 

[a]-(z 1 ,...,z N ) = (e 2 ™iz 1 ,...e 2 ™"z N ). 
The corresponding symplectic moment map <I> : C^ — ► (R^)* is given by $(21,... , zn) = 



J] \zj\ 2 e* where {e*} is the basis dual to {ej}. We claim that the symplectic quotient S of 
C^ \ {0} by the induced action of T is the desired manifold 5, i.e., that 

5=(cD T 1 (0)\{0})/T 

where 3>r = j* o <J> and J : i ^-> R is the inclusion. 

We claim first that ^(O) = *~ 1 (v( c '))- Indeed, since 0^0*^ (M N )* £ t* -> is exact, 
(j*)- 1 ^) = ro *( *) and hence $y X (0) = ^((j* )- x (0) n *(C^)) = ^(^(g*) n $(C N )). 
Now 

ro*( *) n $(C W ) = {t*7*(r/) I r? G 0* and (tz7*(r?), e;) > for all i} 

= {vj*(rj) I 77 G 0* and < (rj,zu(ei)) = (rj,Vi) for all z} 

= {W*(7 ] )\7 ] £C}. 

Thus&^O) = $- 1 (za*(C)). 

Next we claim that for any ^ z = {z\, . . . , zn) G $^ (0) the isotropy group T z is trivial. 
It would then follow that S = (<3?y (0) \ {0})/T is a smooth symplectic cone: the action of R 

3 Recall that a symplectic cone is a symplectic manifold (S,uj) with a free proper action {pt}t S is of the real 
line such that p^to — e'o; for all t 6 K 
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on S is induced by the action of R on C^ given by t ■ z = e t z. Now T z = T n (T N ) Z = {[a] G 
R N/ Z N | J2a iVl £ Z G } n {[a] £ R^/Z^ o,eZ for all i with ^ / 0} = {[a] £ R^/Z^ | 
X)j£j a i v j £ ^G and Oj S Z for all j J z } where J^ = {j € {1, . . . , N} \ Zj = 0}. 

On the other hand, z £ $^ (0) if and only if there is a (unique) rj £ C such that $(2) = 
to* (77). Hence Zj = if and only if = |zj| 2 = ($(z),ej) = (xu*(r]),ej) = (i],Vj). Since C is 
a good cone, for any fixed vector 77 G C the set {uj | (r],Vj) = 0} = {vj \ j G J z } is a Z basis 
of {^2j £Jz cljVj I Oj G R} n %g. Hence Y^jeJ a i v i e ^ G hnplies that Oj G Z for all j G J z . 
Therefore T z = {[a] G R N /Z N \ a G Z N }, i.e., T 2 is trivial. 

Finally note that the image of $^ (0) under $ is precisely w*(C). Hence the image of the 
reduced space S = Q^ {0)/T under the induced T /T = G moment map $ : 3>y (0)/T — » 
t° = ro *( *) \sw*{C) ~C. 

Since the sphere S 2N_1 = {z G C w | ||z|| 2 = 1} is a T^-invariant hypersurface of contact 
type in C^ , and since the action of R on C^ commutes with the action of T^ 

M:=($- 1 (0)nS 2 ^ 1 )/T 

is a T /T = G-invariant hypersurface of contact type in the quotient ^ (0)/T. Moreover 
$|jy : M — ► t° = ro*(g*) is the corresponding contact moment map, and its moment cone is 
precisely w*(C) ~ C. □ 

Lemma 6.4. Suppose (M,a,^> a : M — > g*) is a c.c.c.t. G-manifold, dimM > 3 and the 
action of G is not free. Then the moment cone C(\£) is a good rational polyhedral cone. 

Proof. We first introduce some notation and a simple fact. Let C C 5* be a cone and F C C 
be a face of C. Let spang F denote the linear subspace of g* spanned by the vectors in F. Let 
Tip ■ 9* -^ 0*/span]gi ? denote the projection. For any point q in the interior of F there is an 
open neighborhood W of q in g* such that 

CnW = vr^ 1 (vr F (C7))n>V. 

Note that the cone iTp (ttf(C)) is isomorphic to ttf{C) x span^F. 

Now suppose that C is the moment cone C(^f) of fy a and that x is a point in M. By 
Lemma |4.3| for any G invariant neighborhood U of G ■ x there is an open subset W of the 
sphere 5(g*) such that tf a (l7) = W n * a (M). Let W = R+W^ U {0} be the cone on W. Then 

c(* a \u) = c(v a ) n w. 



By the local normal form theorem, Theorem 3.14, 



C(* a \u) = w n (R+ (*«(x) + m/ Sx )*) + i(*v(V))) U {0}) , 

where as usual £ is the characteristic subalgebra, <£y : V — > Q% is the moment map for the slice 
representation etc.. Note that 

w n R+(^ a (x) + m/Q x f)) = wn Q ° x 

for any sufficiently "small" open cone W. Thus 

C(* a \u) = w n (g° + »(*v(y))) = W n tt- 1 ^^)), 

where 7r x : g* — » g* is the natural projection. It follows that if F is the face of C($! a ) 
containing ^f a (x) in its interior, then span^F = g° and 7Ti?(C(^ / Q )) is isomorphic to $y(V) 
(once we identify g*/g^. with g*). 

Moreover, if we represent C as C = Hi 7 ? £ 0* I (Vj v i) — 0} f° r some minimal set {^j} C Z^ 
and consisting of primitive vectors, then g° = span^F = C\j =i {i] G g* | (??, v^} = 0} for some 
subset {v^ , . . . , Vi h } C Z(j, and 

fc 
IfnCtlJ^n^ 1 ^^))) =VFnf|{r ? Gg*| (r/,^.) > 0}. 
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Hence ^(^(V)) = f]^=i{v 6 0* | (??,%) > 0}. Since Z Gx = Q x D Z G , {v^} is a subset of 
(5°)° nZ G = g x nZ G = Z G;c . For any v e Q x we have ^({r? G g* | (r/,v) > 0}) = {77^0*1 
(t],v) > 0}). Therefore 

(fe \ fe 

By minimality of {vj} the set {i>j } is the minimal set with this property. On the other hand, 



by Lemma 3.13, 



k 

$v00 = (X>^ K > o} 

for some basis {vj} of Zq . Therefore the set {vi } is a basis of the lattice 1<g x - D 



7. Uniqueness of toric integrable actions on t*T u and on T*S 



* c2 



Having proved the main classification theorem, Theorem 2.1E, we now in position to prove 



Theorems 1.1 and 1.2 



Proof of Theorem \l. j|. Let (M,a, vI/q, : M — > 0*) be a contact toric G-manifold (G = T n ) 
such that (M, a) is contactomorphic to the co-sphere bundle S*T n of the n-torus T n with the 
standard contact structure. We will argue that (M, a, ^f a ) is unique as a contact toric manifold. 



It was shown in [LS] that if M = S*T n , then the action of G is necessarily free. The argument 



roughly goes as follows (see [LS for details). Suppose the action of G is not free. Consider 
first the case of dimM = 3. Then Mis a lens space (cf. Theorem [2.18| (2)), hence cannot be 
S*T 2 = T 3 . 

Next consider the case of dimM > 3. Then the moment cone C of (M, a, \P a ) is a good 
polyhedral cone determining (M, a, ^ Q ) uniquely (cf. Theorem 2.1§| (4)). If the maximal linear 



subspace of C has dimension k > then C is isomorphic to the moment cone of M' 
T k x S 2n ~ 1 ~ k , where M' gets its contact toric structure as a hypersurface of contact type 
{(q,p,z) £ T k x (R k )* x C n ~ k | ||p|| 2 + ||z|| 4 = 1} in T*T k x C n ~ k . Consequently M is 
homeomorphic to M' = T k x 5 2n - 1 " fc + T" x S^ 1 = S*T n . 

Finally if the dimension of the maximal linear subspace of C is zero, i.e., if C is a proper 
cone, then by a theorem of Boyer and Galicki |BG[| M has a locally free circle action so that 
the quotient M/S 1 is a compact connected symplectic toric orbifold. The real odd-dimensional 
cohomology of a compact symplectic toric orbifold is zero. Consequently dim H 1 (M,~R) < 1. 
Hence M / S*T n , n > 1. 

We conclude that if (M,a,^ a : M — ► 0*) is a contact toric G-manifold (G = T n ) and 
M = S*T n then the action of G is necessarily free. We argue next that it is unique. 

Suppose dim M = 3 and the action of G = T 2 is free. By the classification theorem (M, a) = 
(T 3 , 0^ = cos kt d6 1 + sin kt d9 2) , k = 1,2, . . . . By a theorem of Giroux JGi| |, (T 3 , a&) and (T 3 ,a;) 
are distinct as contact manifolds for k ^ I. Since a± is the standard contact structure on S*T 2 , 
it follows that there is only one contact toric manifold contactomorphic to (S*T 2 , a\). In other 
words there is only one T 2 -action on S*T 2 making it a contact toric manifold. 

Suppose next that dimM > 3 and the action of G is free. By Theorem |2.18| (4), M is a 
principal G-bundle over the sphere S*" --1 , n = dimG, and each such principal G-bundle carries 
only one G- invariant contact structure. Now, principal T n bundles over S"™ -1 are in one-to-one 
correspondence with elements of H 2 (S n ~ 1 ,'L n ) which is unless n — 1 = 2, in which case it's 1? . 
Note however that no nontrivial T 3 bundle over S 2 is homeomorphic to S 2 x T 3 . We conclude 
that if (M,a,^> a ) is a contact toric G-manifold such that the action of G is free, M = S*G 
and dimM > 3 then (M, a, ^f a ) is a unique contact toric G-manifold with such properties. In 
other words there is only one T n -action on S*T n making it a contact toric manifold. □ 
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Proof of Theorem l.i. Suppose t\, T2 are two effective actions of the torus G = T 2 on M = 
S* S 2 = RP 3 preserving the standard contact structure. Let Vl/i, \&2 '■ M — ► S 1 C Q* be the 
moment maps for the actions corresponding to a normalized contact form oq defining the 
standard contact structure. We will argue that the images Vl/j(M) are arcs in S 1 of length less 
than 7r (hence 'J/j are one-to-one). Moreover we'll show that there is an element A G SL(g*) 
preserving the weight lattice 7L G such that A( i &i(M)) = ^2(M). It would then follow that the 
action t\ composed with the isomorphism of G defined by A is r 2 . 



Note that since RP 3 7^ T 3 , the actions n are necessarily not free (cf. Theorem 2.18 and the 
proof of Theorem |l.l| above). Now consider one of the two actions, say t\. By Lemma 6J. the 
action is free except at two orbits G ■ x\ and G ■ x 2 - The isotropy groups K{ of Xi are circles, 
and the images \&i (xi) are of the form t/^tt where \x% G 7L* r are primitive weights with ker \n 
being the Lie algebra of the circle Ki . 

It follows from the proof of Lemma |6.1| that the contact toric manifold (M, uq, \Pi : M — ► g*) 
can be obtained by cutting (B,a) = (T 2 x R, costdOi + smtd02) using B = T 2 x [ti, ^2]; where 
(cosij,sinij) = tt^tt (we identify g* with R 2 and Z, G with Z 2 ). Hence as a topological space 

M = Bj ~ where (g,t\) ~ (ag,ti) for all a G K\ and (5,^2) ~ (ag, £2) for all a G P2- Note 
that £ 2 — ^1 7^ 7rn > n = 1; 2, ... , for otherwise ^1 = ±// 2 an d then Bj ~ is S 2 x S 11 ^ RP 3 . 

Next observe that since the standard contact structure on S*S 2 = M is tight, we must have 
£ 2 — ti < it (cf. |p^| ). Indeed, if £1 = and £ 2 > 7T, the image of the cylinder {(l,e je ,£) | < 
£ < £ 2 , # G R} C P C T 2 x R in M = B / ~ is an overtwisted disk. One can write a similar 
formula for an overtwisted disk if t\ > 0. We conclude that the image Vl/i(M) in S 1 is an arc 
of length less than w. Consequently the fibers of ^1 : M — > S 1 are connected. 

We next argue that the weights fii, /i 2 which span the edges of the moment cone C(^f\) span 
a sublattice of the weight lattice 7L G of index two. 

Lemma 7.1. Let G = T 2 and let K\,K2 C G be two closed subgroups isomorphic to S . Let 
M be the topological space (G x [0,1]/ ~ where (0,<?) ~ (0,ag) for all g G G, a G K\ and 
(1, g) ~ (1, ag) for all g G G and a G K2. In other words M is obtained from the manifold with 
boundary G x [0, 1] by collapsing circles in the two components of the boundary by the respective 
actions of two circle subgroups. Let fJ,i,/J,2 £ Zq be the two primitive weights determined by K\ 
and K2 respectively, i.e., the kernel of the character defined by ^ is Ki. 

ThenH x {M,T) ~{(m,n 2 ) G Z 2 | m/ii + ^2^2 = °i and H 2 (M,Z) ~ Z£/(Z//i + Z/z 2 ). 

Proof. Recall that P 1 (G, Z) is isomorphic to the weight lattice W, G and that the isomorphism is 
given as follows. A weight v G "L G defines a character \v '■ G — ► S 1 by x^(exp(X)) = e 27r4I/ ( x ); 
the class x£[d#] is the element in P 1 (G, Z) corresponding to v. Here d# is the obvious 1-form 
on S 1 . 

Consequently if G = T 2 and Kj C G is a circle subgroup, then 7r j : G — > G/Kj ~ S 11 is a 
character and hence the weight /ij = (d7Tj)i defines an element of P X (G, Z). Thus if we identify 
H 1 (G/K j , r L) with Z and P X (G,Z) with Z£, then the map H x {GjK h 'L) -> H\G,Z) becomes 
the map Z3ni-> nfXj G 7L* G . 

The sets P = (Gx [0, 2/3))/ ~ and V = (Gx (1/3, 1])/ ~ are two open subsets of M. We have 
M = UUV, U nV = G x (1/3, 2/3) is homotopy equivalent to G, P is homotopy equivalent to 
G/K\, V is homotopy equivalent to G/K2 and the inclusion maps PnF^P, UnV ^> V are 
homotopy equivalent to projections m : G — > G/K\, 1T2 : G — ► G/K2 respectively. Hence under 
the above identifications of P X (P) and P x (^) with Z, the inclusions P Pi V — » P, [/nf^y 
induce the maps Z9ni-> n^- G 7i G , j = 1, 2, respectively. 

We now apply the Mayer- Vietoris sequence to compute the integral cohomology of M. We 

start with -► P°(Af) -> H°{U)®H°(V) -> P°(G) ^> P X (M) -» H 1 ^)®^^) -» P X (G) A 

P 2 (M) -» P 2 (P) P 2 (T/) -» P 2 (G) ^> P 3 (M) -> 0. Clearly the map P°(P) P (F) -» 
H°(G) is onto. Given the identifications above the map y> : P 1 (P)©P 1 (y) — > H 1 (G) becomes 
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2h 



% z* G 4 



1^.2) ■ Consequently, since 



Z © Z 9 (n, m) i-> n/^i + m//2 G Z^. We therefore have — ► H l {M) 
H 2 (M) -> © -> H 2 (G) -i H 3 (M) -> and the lemma follows. 

Since M = MP 3 , H 2 (M,Z) = Z/2. Hence Z/2 = Zfc/(Z/ti 
HI1H2 are primitive, the parallelogram 

{ai/xi + a 2 /u 2 I < 01, 02 < 1} 

contains exactly five point of Z£,: four vertices plus the point \i = i(/-*l + ^2) in its interior. 
Hence {/Ui, /i} is a basis of Z^,. Of course //2 = 2// — /t*i. 

By the same argument the image \1/2(M) is an arc in S 1 of length less than 7r with endpoints 
tt^tt , li^M- where ui,i>2 £ Zg are primitive weights. Moreover {u\, v = 2(^1 + ^2)} is a basis of 
Zg,. The linear map A : g* — > q* defined by A\i\ = U\, A^l = v is the desired map. □ 
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